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Prediction of Damping Coef� cients
Using the Unsteady Euler Equations

Soo Hyung Park,¤ Yoonsik Kim,¤ and Jang Hyuk Kwon†

Korea Advanced Institute of Science and Technology, Daejon 305-701, Republic of Korea

A prediction method for dynamic damping coef� cients using the unsteady Euler equations is presented. Direct
unsteady simulation can be used to compute the pitch-damping moment without any geometric approximations
when compared to the steady methods using the coning motions. A forced harmonic pitching motion is employed
to generate the pitch-damping moments. To compute the pitch- and the roll-dampingmoments for the basic � nner,
a dual-time stepping algorithm combined with an implicit multigrid method is applied. The computed coef� cients
show good agreement with the experimental data. Grid re� nement and parametric studies are performed to assess
the accuracy of the numerical method. The linearity of the angular rates and the variation with Mach numbers
are examined for both pitch- and roll-dampingmoment coef� cients. Through analysis of the pressure distributions
at various Mach numbers, the large variations of roll-damping moment coef� cient in the transonic region are
explained in detail.

Nomenclature
Cl = rolling moment coef� cient
Clp = roll-damping moment coef� cient,

.2U1=D/.@Cl=@p)
Cm = pitching moment coef� cient
Cmq C Cm P® = pitch-damping moment coef� cient (sum),

.2U1=D/.@Cm =@ P®/
D = base diameter, m
e = total energy, nondimensionalizedby p1=½1
F = inviscid � ux vectors
J = Jacobian
k = reduced frequency for harmonic

pitching motion, qo D=®oU1
L = multigrid level
M = Mach number
p = pressure nondimensionalizedby p1,

as used in the Euler equations; roll rate, rad/s
p¤ = nondimensional roll rate, pD=U1
q = pitch rate, rad/s
q = conservative� ow variable vector
qo = pitch rate evaluated at mean angle of attack, rad/s
R = � ux residual vector
RU = unsteady residual vector
T = nondimensionalperiod for a cycle
T = right eigenvector matrix
t = physical time, s
t¤ = nondimensionalphysical time, .t=D/

p
.p1=½1/

U = freestream speed, m/s
U = contravariantvelocities
Ug = grid velocity vector of moving grid
u, v, w = nondimensionalvelocity components

in x , y, and z directions
x , y, z = Cartesian coordinates
® = angle of attack, deg
®m = mean angle of attack, deg
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®o = amplitude of angle of attack, deg
° = the ratio of speci� c heats
¤ = diagonal matrix of eigenvalues

of the Euler equations
»; ´; ³ = generalized coordinates
½ = density, nondimensionalizedby ½1
¿ = pseudotime

Subscript

1 = freestream condition

Superscripts

n; m = time-step levels
¢ = rate of change with respect to time

Introduction

T HE ability to predict projectile� ight motion is important in the
bodyshapeandcontrollerdesignprocess.1 The in-� ightmotion

and static and dynamic stability are determined by the aerodynamic
forces and moments that are predicted by means of experimental
or numerical methods. Until now, many efforts have concentrated
on the numerical prediction of the static aerodynamic coef� cients,
such as the drag and moment coef� cients.2 The methods for the
prediction of dynamic damping coef� cients, such as pitch- or roll-
damping coef� cients, were proposed somewhat later. Ever since
Tobak et al.3 proposed the aerodynamics of bodies of revolution in
a coning motion, the steady coning motions in a noninertial rotating
framework have commonly been used to predict the pitch-damping
coef� cients.4¡6 The roll-damping coef� cients were also computed
using the noninertial rotating framework.7

The steady methods provide a cost-effective approach for
the aerodynamics associated with unsteady or time-dependent
motions.1 De� ciencies of these methods are that they require the
Magnus force or moment (see Ref. 8) to be determined explicitly
from other sources and that they sometimes require a geometrical
constraint such as axisymmetry.6 Full unsteady methods in the in-
ertial coordinate frame are rarely applied to predict the dynamic
damping coef� cients because of the tremendously large comput-
ing time and hardware requirements. However, unsteady methods
in the inertial coordinate frame enable us to compute the damping
forces and moments directly, without any theoretical assumptions
and geometrical constraints. This is the main reason why we have
adopted an unsteady approach for � nned projectiles, although it is
time consuming.
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The ef� ciencyof unsteadymethodsis an important factor to apply
in the prediction of dynamic damping coef� cients. The dual-time
steppingapproach9 has led to considerableimprovementscompared
with explicit methods based on a single time discretization. Be-
cause the marching is done in pseudotime, acceleration techniques
for steady � ow calculations can be used, such as local time step-
ping, multigrid, and implicit methods.10 In this paper, a dual-time
stepping algorithm with a multigrid diagonalized alternate direc-
tional implicit(DADI) method11 is applied to compute the dynamic
damping moments.

The basic � nner model12 has been used to validate the predict-
ing capability of the present unsteady method. Many experimental
data12;13 and empirical theories14 for the roll-damping coef� cients
showed that the coef� cient Cl p is inverselyproportionalto the Mach
number, and the measured Clp is invariant with roll rate in super-
sonic � ows. Murthy13 measured the coef� cients in the subsonic and
transonic regions using the steady roll test technique. His measure-
ment is interesting in that the measured coef� cients undergo a large
increase, followed by an equally large decrease at about a Mach
number of 1.1.

In this study, a comparativediscussionof the steady and unsteady
methods is presented � rst. The pitch- and roll-damping moment
coef� cients are predicted for the basic � nner con� guration using
the unsteady method. Grid re� nement and parametric studies for
the numerical method are performed. The nonlinear behaviors of
roll damping in the transonic region are discussed in detail.

Theoretical Approach
The stabilityof projectileis describedthroughthe dynamicdamp-

ing coef� cients, as well as the static force and moment coef� cients.
The dynamic damping coef� cients can be obtained by steady or
unsteady � ow simulations for speci� ed motions. Previously, Tobak
et al.3 built up the nonlinear theory of bodies of revolutionin coning
motions and showed that the linear pitch-damping coef� cients are
related to the side forces and moments due to coning motions. To
con� rm their aerodynamic theory, Schiff4 solved the steady Euler
equations to compute the supersonic inviscid � ow around the body
in coning motion. The computation was based on that the � ow is
steady if a rotating coordinateframe is used. Schiff adopteda “lunar
coning” motion to determine pitch-damping coef� cients from the
computedside moments.The lunar coningmotion can be appliedfor
both the axisymmetric and nonaxisymmetricbodies. This approach
was employed in determining the pitch-damping coef� cients for
supersonic � nned projectiles.5

The problem with the lunar coning motion6 is that the side mo-
ment is proportional to the sum of the pitch-damping moment sum
and the Magnus moment. It is possible to neglect the Magnus mo-
ment because it is small relative to the pitch-dampingmoment sum,
especially in the supersonic � ow. The lunar coning approach is
thought of as an excellent engineering method in predicting the
pitch-damping coef� cients for � nned projectiles. If the Magnus
moment can not be neglected in the case of a � nned projectile,
it must be determined from other sources, such as experiment or
direct unsteady simulation (see Ref. 8). To determine the pitch-
damping moment sum directly, Weinacht et al.6 proposed the “com-
bined spinning and coning” motion, which allows the side moment
to be proportional to the pitch-damping moment only. This motion
only produces a steady � ow� eld for axisymmetric bodies and re-
quires an unsteady approach for nonaxisymmetric bodies such as
� nned bodies.

The direct unsteadyapproachdoes not involve the approximation
of ignoringthe Magnuseffectrequiredby the steadylunarconingap-
proach.Furthermore, it does not requireany geometricalconstraints
such as axisymmetry. To describe the unsteady method for predict-
ing the damping coef� cients, the speci� ed unsteady motions that
produce damping moments should be de� ned. The pitch-damping
moment sum can be obtained from the forced harmonic pitching
motion about the c.g. in rectilinear � ight. The planar pitching mo-
tion is de� ned by the angle of attack and pitch rate as a function of
time as

®.t¤/ D ®m C ®o sin
¡p

° M1kt¤
¢

(1)

q.t¤/ D P®.t¤/ D qo cos
¡p

° M1kt¤
¢

(2)

In rectilinear motion, the angular rates q and P® are equal, and the
pitch-damping coef� cients can be summed and treated as a single
coef� cient. The moment coef� cients for the pitching motion can be
expanded with � rst-order terms for the rates, as follows:

Cm .t¤/ D Cm j®m CCm®
¢®.t¤/C.D=2U1/

£
Cm P® CCmq

¤
¢ P®.t¤/ (3)

If ®o is small, and the variation of the pitch-damping moment co-
ef� cients’ sum is small near the angle of ®m , the coef� cients’ sum
can be determined by integrating Eq. (3):
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³
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´R
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P® d®

D
2
p

° M1

¼®o

Z T

0

Cm cos
¡p
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¢

dt¤ (4)

The roll-damping coef� cients can be obtained easily because the
pure rolling motion is described by a constant roll rate p¤:

Cl p D 2
@Cl

@p¤ (5)

This rolling motion of the body in the inertial framework is identical
to the rotation of the body axis in the noninertial framework. In
the latter case, the governing equations are modi� ed to include the
noninertial terms such as the Coriolis and centrifugal force terms.7

Numerical Methods
Governing Equations

In this paper, the followingintegral form of the three-dimensional
compressible Euler equations is considered over a control volume
V .t/:

d

dt

Z

V .t/

q d V C
Z

@ V .t/

F dS D 0 (6)

with

q D [½; ½u; ½v; ½w; ½e]T (7)

F D

2

66664

½U

½uU C nx p

½vU C n y p

½wU C nz p

.½e C p/U C pUg

3

77775
(8)

where U means the relative � ow velocity at the control surfaces in
each direction:

U D nx u C n yv C nzw ¡ Ug (9)

Equation (6) can be discretized with the cell-centered� nite volume
method and integrated cellwise in the computational space domain.
To compute the residual over each cell, the Roe scheme is used, and
a second-orderupwind total variational diminishing scheme with a
minmod limiter is adopted to improve the solution accuracy.15

Multigrid DADI Method
Dual-time stepping9 with a DADI method is used to advance the

solution in time. This allows one not only to use a large time in-
crement, but to maintain temporal accuracy.The dual-time stepping
also eliminates factorizationand linearizationerrors by iterating the
solutions along a pseudotime. The time derivative for the physical
time is approximatedby assuming that the backward differencedis-
cretization is second order, and so the governing equations become

RU
i jk D

3qn C 1
i jk ¡ 4qn

i jk C qn ¡ 1
i jk

2J1t¤ C Rn C 1
i jk D 0 (10)
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Here, it is convenient to de� ne a new residual RU . Equation (10)
can be considered the equation of the steady-state problem by in-
troducing a derivative with respect to a pseudotime ¿ :

dQm C 1
i jk

J d¿
C RU

i jk D 0 (11)

The steady-state solution of Eq. (11) that satis� es RU
i j k D 0 is the

solution of the unsteady equations.
The pseudotime problem can be solved by using any of the

time-marching methods that have been proposed to solve steady-
state problems, as well as any of the convergence acceleration
techniques.9 In this work, the DADI method11 is used to � nd steady-
state solutions. An implicit pseudotime stepping method10 can be
written as

µ³
1

J1¿
C 3

2J1t¤

´
I C @R

@q

¶
1q D ¡RU

i j k.q
m/ (12)

When an alternate directional implicit (ADI) method is used,
Eq. (12) can be factorized as follows:

fD C A» gD¡1fD C A´gD¡1fD C A³ g1q D ¡RU (13)

where

D D
³

1
J1¿

C 3

2J1t¤

´
I (14)

Here, Ai D .@R=@q/ in each direction are the Jacobian matrices of a
residual that differsaccordingto the spatial discretizationmethod.11

Finally, Eq. (13) can be expressed in a DADI form by using the
similarity transformation16

T» fD C ¤» gT¡1
» D¡1 £ T´fD C ¤´gT¡1

´ D¡1

£ T³ fD C ¤³ gT¡1
³ 1q D ¡RU (15)

The use of an ef� cient multigrid algorithmreduces the number of
pseudotime iterations, as well as the computing time of the steady
initial solutions. To implement the multigrid on the DADI method
with the dual-timesteppingmethod, some modi� cationsare applied
to the standardsawtoothcycle algorithm.9;15 The modi� cationscon-
centrate on acceleratingwave propagation to accelerate the conver-
gence in pseudotime. A more detailed description can be found in
Ref. 11.

Boundary Conditions
The boundary conditions affect the convergence, as well as the

accuracy, of the numerical method. For transonic � ow calculations,
the far-� eld boundary conditions play a dominant role in conver-
gence. The characteristic boundary conditions using the Riemann
invariantare enforcedfor the subsonicin� ow or out� ow. Supersonic
in� ow is � xed to the freestream values and out� ow is extrapolated
from the values at the interior cells. The � ow is tangent to the wall.
At the solid wall, density and energy are extrapolatedfrom the inte-
rior cells. The boundary conditions are also applied for each coarse
grid.

Results and Discussion
To verify the present unsteady method, computations are made

with basic � nner con� gurations. The basic � nner in Fig. 1 has been
selectedas a standardresearchcon� gurationforvalidationpurposes.
The � nner has a sharp nose and four wedge-shaped� ns. To perform
a grid re� nement study, three sets of grid systems, which are dis-
played in Table 1, are generated using KGRID.17 The body grid,

Table 1 Used grid systems for the basic � nner

Grid Body Base Fin tip

1 105 £ 65 £ 49 17 £ 129 £ 17 25 £ 18 £ 25
2 105 £ 129 £ 73 17 £ 157 £ 25 25 £ 18 £ 25
3 209 £ 129 £ 49 33 £ 159 £ 17 49 £ 18 £ 25

UNIT : 1 caliber

10

1

3

0.08

20

Fig. 1 Basic � nner model.

Fig. 2 Computational grid (grid 1).

Fig. 3 Close-up view of grid 1 around � ns and surface.

which is displayed in Fig. 2, consists of 105 node points in the axial
direction and 65 and 49 points in the circumferential and radial di-
rections, respectively.The grids are clustered normal to the surfaces
in each direction. All computational grids have the corresponding
grids for the base region. Figure 3 shows a close-up view of the sur-
face grid around the rear body. Additionalgrids that enclose regions
from each � n tip to the far � eld are included without any geomet-
ric approximations to the actual geometry. To examine the effect
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of geometric approximations to the � n-tip geometry, a second grid
system is employed. The second grid system eliminates the need for
a � n-tip grid by modifying the � n-tip geometry, as shown in Fig. 4.
An additional grid is included in the base region behind each of the
� ns. This merged grid has nearly the same grid resolution as grid 1
when compared to the grid for the actual geometry.

Grid re� nement studies show that the largestvariation is less than
3% variation for the computed pitch-dampingmoment coef� cients.
The variation between grids 1 and 3 is larger than that between
grids 1 and 2. For the roll-damping moment coef� cients, the largest
variation is found between grids 1 and 2 rather than between grids 1
and 3. There is also less than 1% variation,except for the coef� cient
for a Mach number of 1.2, at which the variation is about 3.5%.
Note that grid 2 is made by doubling the number of grid points for
grid 1 in the circumferential direction and for the � n surface grids
in the radial direction. The difference between grids 1 and 2 will be
displayed in later. Unless otherwise stated, all results are for grid 1.

For all unsteady calculations, an initial solution is � rst obtained
by solvingthe steady� ow at the mean angle of attack and freestream
conditions.The multigridDADI algorithmis applied and converged
to at least 10¡4 for the L2-norm of density, which is normalized by
the norm obtainedafter the � rst iteration.At each physical time step,
the solution is marched in pseudotimeuntil the normalizedL2-norm
of density reaches 10¡2. When the multigrid algorithm is used, it is
found that the number of multigrid cycles for a physical time step
is around 10 for the pitching motion and 5 for the rolling motion.

1.0 D

I IIIII III

1.0 D

0.5 D 0.5 D

0.08 D0.08 D

45

a) b)

Fig. 4 Topologies for a) actual and b) approximated grids.
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Fig. 5 Hysteresis loop of pitch-damping moment with time steps per
cycle of motion at M1 = 1.1.
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Fig. 6 Hysteresis loop of pitch-damping moment with reduced
frequency.
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Fig. 7 Linearity of pitch-damping moment with reduced frequency.

Figure 5 presents the hysteresis loops for the pitch-dampingmo-
ments of the unsteady simulations for the inviscid � ows at zero
mean angle of attack. In all cases, the amplitude of oscillation ®o is
set to 0.25 deg. The inviscid assumption is reasonable because the
small amplitude at zero mean angle of attack generates little � ow
separation in the � ow direction. Displayed are three cycle loops for
each time step. The computed moments on the second cycle are not
different from the moments on the third cycle for this case. If the
tolerance of convergence for the unsteady computations is not suf-
� cient, the converged loops cannot be obtained within two or three
cycles. Unless otherwise stated, the pitch-damping moment coef� -
cients are calculated using 100 time steps per cycle of motion and
the computed moments on the third cycle. The hysteresis loops of
pitch-dampingmoments shown in Fig. 6 indicate that the generated
damping moments due to the pitching motion increase with pitch
rate. In turn, Fig. 7 shows that the pitch-damping moment coef� -
cients are nearly constant for reduced frequencies of 0.025, 0.05,
and 0.1. The coef� cients at Mach 2.0 are the same magnitude when
the integrations in Eq. (4) are performed by using the second and
the third cycles. The linearity has also been shown in the numerical
prediction4 for a steady coning motion.

A comparison of pitch-damping moment coef� cients with Mach
numbers is displayed in Fig. 8. The experimental data and theoreti-
cal prediction are obtained from Ref. 14. No experimental data for
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Fig. 8 Variationsof pitch-dampingmoment coef� cients with different
geometries at various Mach numbers.
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Fig. 9 Variation of roll-damping moment coef� cient with roll rate.

subsonic � ows are found in any of the literature. For all computa-
tions, the c.g. is locatedat 6.0 caliber from the nose, and the reduced
frequency is set to 0.05. The computed coef� cients are in reason-
able agreement with the experiment throughout all selected Mach
numbers. A large variation that is observed in the transonic region
shows that the basic � nner has large pitch damping in the transonic
regime. As shown, the geometricapproximationnear the � n tip pro-
duces some small differences at high transonic and low supersonic
velocities. This peculiar behavior of the pitch-dampingcoef� cients
is shown for all applicable grid systems. The causal explanation
is dif� cult, though it is possible. It is believed that the behavior is
strongly related to an effect of shock interference generated by the
� ns. A similar effect for roll-damping coef� cients will be discussed
in a later paragraph.

The roll-damping moment is produced by the lift on the � ns in-
duced by the rolling motion. Murthy13 performed experiments for
roll-damping moment coef� cients and discussed that the measured
Clp was invariant with roll rate at subsonic and supersonic speeds.
His experiments showed a large increase, followed by an equally
large decrease, at about M1 D 1:1. The baseline roll-damping com-
putations have been obtained with a constant roll rate p¤ of 0.03,
with a counterclockwise rotation when viewed from the rear. The
variations of the roll-damping moment coef� cient with roll rate in
Fig. 9 show that the roll-damping coef� cients are nearly the same
for the computed subsonic and supersonic � ows. In the case of M1
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Fig. 10 Variation of roll-damping moment coef� cient with grid reso-
lution at various Mach numbers.
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Fig. 11 Variation of roll-damping moment coef� cient with geometry
at various Mach numbers.

of 1.1, the magnitudes of the coef� cients increase slightly with roll
rate for all applied grids.

The computed roll-damping moment coef� cients are compared
with the experimentaldata for selected Mach numbers. Because the
present calculations are performed under the inviscid assumption,
the contribution of shear stresses at the wall to the coef� cients is
neglected. The computed results for both grids 1 and 2 displayed in
Fig. 10 show good agreement with the experimental data, though
they are slightly larger in magnitude than the experimental data
at high Mach numbers. The largest variation of the roll-damping
moments for the grid systems employed is found near M1 D 1.2.
Figure 11 shows that the variation between the grids with differ-
ent geometries is somewhat larger than that between the grids with
different grid resolution, especially in the supersonic regime. Both
results display a dip between Mach numbers of 1.1 and 1.2, though
this dip is weaker than that of the experimental data. The dip re-
sults from the normal shock wave because the damping moment de-
creases immediatelyafter the normal shock wave generatesbetween
the � ns.

The present computations provide an explanation for the large
increase immediately followed by the dip. Figure 12 displays the
pressure distributionsnear the � ns for various Mach numbers when
grid 2 is employed. Because the � nner rotates with a counterclock-
wise spin, the region of high pressure is produced at a lower � n
surface. Subsequently,the roll-damping moment is produced by the
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Fig. 12 Normalized pressure distributions near � ns.

difference in pressure between the � ns. The distributions show a
transitionfrom a normal shock to an oblique shock. A normal shock
is generatedat about M1 D 1.1. It thenchangesrapidly to an oblique
shock as the Mach number increases. Finally, interferencebetween
the oblique shocks and the � ns mostly disappears when the Mach
number is higher than about 1.4. This means that a large increase
in roll damping is caused by this interference. The roll damping
steadily decreases as the Mach number increases after the interfer-
ence disappears.

Conclusions
It was � rst argued that unsteadysimulationscan be used to predict

damping coef� cients without any constraints on the inertial coordi-
nates. A dual-time stepping algorithm, combined with a multigrid
DADI method, was applied to solve the unsteady Euler equations.
The results using the Euler equations were in good agreement with
the empirical and experimental data for the basic � nner. The small
dips that result from the normal shock generated between the � ns
were found for the pitch- and the roll-damping coef� cients. The ob-
servation for the pressure distributions at Mach numbers above 1.1
shows that the transition of the normal shock to the oblique shock
induces the large increase, followed by the dip for the roll-damping
moment coef� cients.
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